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ABSTRACT
White dwarfs (WDs) are believed to detonate via explosive Carbon-fusion in a Type Ia Su-
pernova when their temperature and/or density reach the point where Carbon is ignited in a
runaway reaction. Observations of the Type Ia supernova (SN) rate imply all WD binaries that
merge through the emission of gravitational radiation within a Hubble time should result in
SNe, regardless of total mass. Here we investigate the conditions under which a single WD in
a binary system might extract energy from its orbit, depositing enough energy into a resonant
mode such that it detonates before merger. We show that, ignoring non-linear effects, in a
WD binary in tidal lock at small binary separations, the sustained tidal forcing of a low-order
quadrupolar g-mode or a harmonic of a low-order quadrupolar p-mode could in principle drive
the average temperature of Carbon nuclei in the mode over the runaway fusion threshold. If
growing mode energy is thermalized at a core/atmosphere boundary, rapid Helium burning
and inward-travelling p-waves may result in core detonation. Thermalization at a boundary
in the core can also result in detonation. If energy can be efficiently transferred from the or-
bit to modes as the WD binary passes through resonances, the WD merger timescale will be
shortened by Myr-Gyr compared to expected timescales from GW-emission alone and GW
detectors will observe deviations from predicted chirp profiles in resolved WD binaries. Fu-
ture work in this area should focus on whether tidal locking in WD binaries is naturally driven
towards low-order mode frequencies.
Key words: stars:interiors–stars:oscillations–stars: white dwarfs – supernovae:general – bi-
naries:general
1 INTRODUCTION
White dwarfs (WD) are believed to be responsible for Type Ia su-
pernovae (SNe); however the nature of the detonation and the (pre-
sumed) binary partner are still unknown. In order for WD merger
rates derived from binary population synthesis (BPS) models to ac-
count for the observed Type Ia supernova rate, all WD binaries that
merge through the emission of gravitational radiation within a Hub-
ble time, including those with total binary mass below the limit-
ing Chandrasekhar mass, must detonate (see review by Maoz et al.
2014). Most WD observed in our Galaxy are narrowly distributed
aroundMWD ≈ 0.6M⊙ Kepler et al. (2007). Observations of Type
Ia SNe imply an underlying 56Ni mass of 0.2 − 0.8M⊙ powering
the SN and a total ejected mass spanning 0.8− 1.5M⊙ , albeit with
some additional uncertainties (Scalzo, Ruiter & Sim 2014). The
detonation of substantially sub-Chandrasekhar mass WD would
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therefore be an elegant solution to the problem of the progenitors of
SNe (e.g. van Kerkwijk et al. 2010). In order to detonate a Carbon-
rich WD, the runaway process of Carbon burning must occur (e.g.
Martin et al. 2006). This need only happen in a small fraction of the
WD mass (e.g. Rosswog et al. 2009). Runaway temperatures can
be reached via core compression in a WD merger (Pakmor et al.
2012), however the internal temperature can be driven up without
core compression. A WD-compact partner (WD-CP) binary radi-
ates energy from its orbital motion, gradually shrinking via gravi-
tational wave (GW) emission. However some of the orbital energy
may be converted to mechanical heating of the WD, rather than
GW seen by a distant observer. This happens when the frequency
of the quadrupolar tidal forcing experienced by the WD matches the
frequencies of quadrupolar f-, p- and g-modes in the WD, and their
harmonics, such that resonance occurs (see e.g. Rathore et al. 2005;
Fuller & Lai 2011). In principle, if enough energy can be deposited
into a massive mode during resonance, and that energy is thermal-
ized rapidly, without much orbital backreaction or WD structural
© 2008 The Authors
2 B. McKernan, K.E.S.Ford
change, unstable Carbon fusion and WD detonation could result.
The goal of this paper is to investigate whether , and under what
circumstances, a single WD in a binary can be driven to detonation
via tidal resonance. Our conclusions depend on the length of time
spent by the WD at resonance. Therefore whether WD binaries are
naturally driven to tidal lock at frequencies which match low-order
modes in WD is an important open question (and beyond the scope
of this work). In this paper, in §2 we consider sources and sinks
of energy during WD binary inspiral. In §3 we compare cooling of
WDs via thermal processes and GW-emission. In §4, we discuss
the energy deposited in a resonant mode, drawing a distinction be-
tween saturated and unsaturated driving and in §5 we discuss how
Carbon-fusion might occur due to mode driving. In §6 we point
out the several processes that can truncate resonance and limit the
growth in thermal energy of nuclei in resonant modes. In §7 we dis-
cuss where the mode energy is likely to be deposited and in §8 we
point out the observational consequences of such thermal heating,
both electromagnetic and GW, and including likely supernovae and
novae.
2 ENERGY CONSERVATION WITH MODES
A WD-CP binary shrinks over time as it loses orbital energy due
to gravitational wave (GW) emission. Some of the orbital energy
can be transferred by tidal forcing into WD quadrupolar oscillation
modes at resonant frequencies rather than GWs. Conservation of
energy requires
E˙orb + E˙spin = E˙GW +
∑
j,WD
E˙j +
∑
j,CP
E˙j (1)
where E˙ denotes the time derivative of energy and Eorb =
−GM∗Mc/2ab is the binary binding energy, Espin is the total bi-
nary spin energy, EGW is the energy carried away by GWs and
Ej is the energy deposited into mode j of the WD or CP, which
may be detectable electromagnetically (e.g. Rathore et al. 2005;
McKernan et al. 2014). If spin and the transfer of orbital energy
into mode resonances are ignored then E˙orb = E˙GW which leads
to binary shrinking solely due to gravitational wave emission on the
well-known timescale (Peters 1964)
tGW ≈ 5
128
c5
G3
a4b
M2bµb
(1− e2b)7/2 (2)
whereMb =M∗+Mc is the binary mass, µb =M∗Mc/Mb is the
binary reduced mass and (ab, eb) are the initial binary semi-major
axis and eccentricity respectively. For a small change δab ≪ ab
in semi-major axis due to GW emission alone, the orbital energy
changes by (1/2)E∗(R∗/ab)(δab/ab) over a timescale δtGW ≈
tGW(4δab/ab) and ignoring terms of order δa2b .
2.1 Forcing frequencies
As the WD binary shrinks, periodic tidal forcing generated by
the binary increases in amplitude and can resonate with the jth
quadrupolar ℓ = 2 eigenmode of the WD at angular frequency ωj
(with the usual associated mode numbers n, ℓ,m). A tidal torque
T ℓmn acts on the resonant mode, where n is the mode radial order
(number of nodes) and |m| 6 ℓ, but we shall restrict ourselves to
ℓ, |m| = 2 (Rathore et al. 2005). Harmonics of the tidal potential
can drive WD modes at forcing frequencies
ωF = nΩorb −mωspin (3)
where Ωorb =
√
GMb/a3b is the WD orbital frequency and
ωspin = fspinω∗ is the WD spin frequency, with fspin = [−1,+1]
the fraction of the WD break-up spin frequency ω∗ =
√
GM∗/R3∗.
The most promising case for sustained tidal forcing of a mode, so
that the energy deposited is a maximum, occurs during tidal lock-
ing, when Ω˙orb ≈ ω˙spin so that ωF remains approximately con-
stant even as the orbit changes (Witte & Savonjie 1999). Through-
out this paper, we emphasize that mode energy is maximized if tidal
locking in WD binaries is naturally driven to match low-order os-
cillation frequencies of a WD so that the mode is saturated. Under
conditions of saturated driving, WD detonation could occur.
For an equal-mass binary, (Mb = 2M∗), eqn. (3) implies
ab = 2
1/3n2/3
(
ωF
kω∗
+ 2fspin
)−2/3
R∗ (4)
where k = 1, 2, 3, . . . allows for tidal forcing at the kth harmonic
of a mode frequency. For tidal resonances with modes involving
oscillations of a moderate fraction of the WD mass, we require low
radial order (n 6 10). The condition for n is
n =
1√
2
(
ωF
kω∗
+ 2fspin
)(
ab
R∗
)3/2
(5)
From (Burkart et al. 2013) we estimate ωF ≈ 0.1ω∗−1ω∗ for low-
order g-modes, ωF ≈ 1.5ω∗ for a f-mode and ωF ≈ 2ω∗ − 10ω∗
for low-order p-modes. In order to force a WD at these low-order
(n 6 10) quadrupolar mode frequencies, ab is required to be small
in eqn. (4) and only certain combinations of harmonics and spins
are allowed in eqn. (5). For example if a p-mode of 4ω∗ is forced
every 5th oscillation (k = 5) and fspin = +0.1(−0.5), then from
eqn. (4), ab 6 6(17.5)R∗ for n 6 10. Interestingly, retrograde
spin fspin < 0 allows forcing of harmonics of low-order (n 6
10) p-modes at modest values of ab/R∗ in eqn. (5). Field WDs
generally rotate slowly (Berger et al. 2005), but occasional rapid
rotators may be due to mergers (Ferrario & Wickramasinghe 2005).
WD spin can significantly modify g-modes when Ωorb < ωspin and
ωspin ≫ ωF (Fuller & Lai 2014). However, here we ignore spin
effects such as g-mode modification or precession of misaligned
spins.
Resonance due to e.g. tidal locking will not be exact, i.e. the
forcing frequency will be driven to a value away from exact reso-
nance (Fuller & Lai 2011), leading to a resonant amplitude lower
than peak by a modest numerical factor (Burkart et al. 2013), and
see also §2.2 below. There is also still substantial uncertainty sur-
rounding values of many of the physical parameters of binary white
dwarf systems relevant to the discussion in this paper e.g. the exact
frequency at which resonant lock will occur, the mass in particu-
lar eigen-modes, the likely frequencies of eigenmodes as well as
the composition of white dwarfs close to merger. In the following
discussion therefore, we approximate many of these and dependent
quantities, using the symbol ≈ in that context, unless otherwise
stated. We will also for convenience use a model of aM∗ = 0.6M⊙
WD, since this is moderately well-understood (Burkart et al. 2013),
even though this is at the low mass end of the likely ejected SN
mass and 56Ni mass.
2.2 Mode heating & cooling
The equation of motion for the resonating jth mode of mass Mj is:
x¨j +
x˙j
τd
+ ω2jxj =
Fj
Mj
(6)
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where xj is the displacement of the jth mode, Fj is the overlap
integral beween the mode and the driver and τd = 1/∆ωj is the
decay time of the mode. For a constant (tidal) forcing frequency
F = |F|eiωFt, the maximum steady-state displacement xmax is
xmax =
|F |√
(ω2F − ω2j )2 + (ωF/τd)2
(7)
which yields xmax = |F |τd/ωj in the resonant limit (ωj = ωF). If
the kth harmonic of a resonant mode is being forced, the associated
Fourier amplitude of that harmonic is lower than the k = 1 mode
amplitude by a factor 1/k. In this case, the maximum displacement
during oscillation will be reduced by a factor of 1/k.
Even at direct resonance with a mode, the maximum value
of displacement in eqn. (7) is unlikely to be reached in reality,
since the forcing frequency will tend to lock slightly off-resonance
(e.g. Fuller & Lai 2011; Burkart et al. 2014). Whether a tidal lock
can occur and whether the resulting fixed frequency point is sta-
ble, unstable or chaotic, depends on the drift rate of the driver, the
resonance width 1/τd, the rate of change of spin and the mass in
the mode (Burkart et al. 2014). For convenience we assume a forc-
ing frequency ωF = ωj + δω, displaced from exact resonance by
δω = 1/(r2τd), a multiple r = 1, 2, 3, . . . of the half-width half
maximum (HWHM) of the resonance peak. In this case, by expand-
ing eqn. (7) in a Taylor series and ignoring terms of order (1/τ 3d )
and higher, the actual maximum displacement is reduced by a fac-
tor 1/
√
2r. Ignoring the transient part of the general solution of
eqn. (6), the real part of the solution to eqn. (6) includes the rela-
tive phase of the driver and the oscillator, as well as the phase lag of
the forced oscillations. The effective forcing time (t) experienced
by a mode is t = [τd, 1/
√
ω˙F] in the [saturated, unsaturated] case
(see (McKernan et al. 2014) for an extensive discussion of this im-
portant distinction). The mode is saturated if the actual forcing time
tF > τd and unsaturated if tF < τd. Whether a mode is saturated or
unsaturated makes a significant difference to the energy deposited
into the mode. We can express the change in mode energy in terms
of heating work (Wj) done on the mode and the cooling (Qj) of
the mode, namely
E˙j = W˙j − Q˙j . (8)
Unlike main sequence stars for whom cooling via mode cou-
pling dominates (McKernan et al. 2014), a WD mode can cool ef-
ficiently via GW emission, mode coupling and neutrino emission
(Osaki & Hansen 1973; Chandrasekhar & Ferrari 1991). We ignore
neutrino emission which is not important for the dissipation of os-
cillations in WDs (Osaki & Hansen 1973), although it is important
in releasing a significant fraction of the energy from the exother-
mic Carbon-fusion reaction. Work done on the mode that emerges
as cooling via GW emission (QGW) escapes the WD and will not
increase the temperature of nuclei in the mode (QkT). Thus for
a given mode j, we can write the decay time of the mode as the
sum of the GW and thermal cooling times τd ≈ τj,GW + τj,kT,
where τj,GW(kT) are the GW(thermal) cooling timescales for the
jth mode.
2.3 Ratio of thermal to non-thermal cooling
We write the average rate of mode cooling in terms of the non-
thermal (GW) and thermal components as
Q˙j =
Qj,GW
τj,GW
+
Qj,kT
τj,kT
(9)
where
τj,GW ≈
(
5c5
G
)(
1
Ejω2j
)
. (10)
Given that a quadrupolar mode (such as the ones considered here)
can cool via GW emission as well as thermal dissipation, we find
it useful to characterise any stellar/post-stellar mode generally in
terms of the ratio of thermal to non-thermal cooling of a mode (µj)
as
µj =
Qj,kT
Qj,GW
≈ τj,GW
τj,kT
(11)
which can be conveniently parameterized as
µj = 2.4× 105
(
M∗
M⊙
)−5/2 (
R∗
R⊙
)5/2 (
Ej
E∗
)−1
×
(
ωj
ω∗
)−1 ( qj
109
)−1
(12)
where qj = ωjτkT/π is the mode quality factor and E∗ =
GM2∗/R∗ in the WD binding energy. µj is smallest (i.e. GW emis-
sion is important) for excited quadrupolar modes in dense objects
like WDs given a large mode energy, large decay time/narrow res-
onance width (qj > 109) at frequencies ωj ≈ ω∗. Note that we
ignore the presence of an additional thermal energy source from
exothermic Carbon-fusion reactions; this will only add to thermal
energy in the mode, modulo losses due to neutrino emission. To first
approximation, below the C-fusion threshold, most of the exother-
mic energy released due to Carbon-fusion will dissappear via free-
streaming neutrinos. However, neutrinos will not carry away more
than the Carbon-fusion energy.
The thermalization of mode energy dominates GW emission
when µj ≫ 1, i.e. τj,kT ≪ τj,GW. Physically, in the limit of large
numbers of daughter modes, energy dissipated to daughter modes
is effectively ’thermalized’ to the nuclei involved in the oscilla-
tion. Mode coupling tends to occur near boundaries where the turn-
ing points of multiple nodes overlap, so the thermal heating will
tend to dissipate at these boundaries (Kumar & Goodman 1996)
and see also §7 below. Thus, nuclear heating will be localized at
these boundaries if µj ≫ 1 in a dissipation time τj,kT.
3 THERMALIZATION VS ESCAPE
Generating a high local temperature for nuclei at mode turning
points requires a short mode decay time for two reasons: (i) to keep
GW losses small and (ii) to minimize radiative, conductive and con-
vective thermal losses. Kumar & Goodman (1996) show that τj,kT
decreases as a function of increasing mode energy, although for
small Ej/E∗, τj,kT is approximately constant for a given mode.
At modest Ej/E∗, low order g-modes decay efficiently via mode
coupling with an energy dependence (Kumar & Goodman 1996)
τj,kT ≈ 4πω−1j κ−1E−1/2j ≈
4π
ωj
(
E∗
Ej
)1/2
(13)
where the mode coupling coefficient is κ ≈ G−1/2R1/2∗ M−1∗ ≈
E
−1/2
∗ whereE∗ is the WD binding energy. For ease of calculation,
throughout this paper (unless otherwise stated) we shall use a con-
servative value of MWD = 0.6M⊙ and RWD = 0.013R⊙, which
is at the low mass end of the range we expect (Scalzo, Ruiter & Sim
2014), but which corresponds to a relatively well-understood model
(e.g. Burkart et al. 2013). We obtain µj ≈ 4 × 1010(Ej/E∗)−1/2
MNRAS 000, 1–?? (2008)
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for ωg = 0.1ω∗. So, excited quadrupolar g-modes in WDs always
cool via mode coupling rather than via GW emission, and mode
nuclei will be heated over timescale τj,kT.
Also at modest Ej/E∗, excited quadrupolar f-modes or low-
order p-modes couple to ℓ = 0, 2, 4 p-modes leading to decay
timescales of (Kumar & Goodman 1996)
τj,kT ≈ 2
Ej
∑
(κ2/τp)
≈ 2 τp
Np
E∗
Ej
(14)
where the sum is over the number (Np) of the low radial order
ℓ = 0, 2, 4 p-modes with typical decay time τp that couple to the
quadrupolar f-mode or low-order p-modes. Assuming some frac-
tion (fGW ≈ 0.5) of the daughter modes cool via GW emission,
we find
µj = 3× 109
(
M∗
M⊙
)−3(
R∗
R⊙
)4 (
ωj
ω∗
)−2
×
(
fGW
0.5
)(
Np
102
)(
τp
1010s
)−1
(15)
or µj = 2(τp/10
12) s forMWD = 0.6M⊙,RWD = 0.013R⊙ and
ωF = 1.5ω∗. So, excited f-mode and low-order p-modes cool via
mode coupling rather than GW emission only when τp . 1012
s (and we expect this condition will be satisfied for most such
modes).
4 INCREASING ENERGY DEPOSITION
The rate of work done per unit mass in the steady-state (satu-
rated) case is W˙s ≈ 〈F 2〉τj,d and in the unsaturated case W˙u ≈
W˙s(t/τj,d) ≈ 〈F 2〉t (McKernan et al. 2014). The resonant tidal
torque on the WD (T = R∗|F |sinθ) yields a cycle averaged
〈|F |〉 ≈ 2T/R∗. During resonant tidal locking (ω˙F ≈ 0 and ωF ≈
ωj) where t becomes large (Witte & Savonjie 1999; Burkart et al.
2014), saturation becomes possible and we can use expressions for
the torque (Weinberg et al. 2012; Burkart et al. 2013) to write
〈|F |〉 ≈
(
12π
5
)(
E∗
R∗
)
ǫ2χ2jk
−1
(
ωj/τd
δω2 + (1/τ 2d )
)
(16)
where k is the harmonic of the mode and ǫ is the tidal factor
ǫ =
(
Mc
M∗
)(
R∗
ab
)3
, (17)
with δω = ωj − ωF the detuning frequency, and χj is the over-
lap integral between the driving quadrupolar tidal force and the
quadrupolar oscillation mode. Here we assume that χj for the kth
harmonic is unchanged, but the amplitude of the forcing is di-
minished by factor 1/k. As the resonant driving frequency drifts
across resonance (δω ≈ 0), a mode driven for time t acquires total
energy Etot = Mj |F/Mj |2t2/2 (McKernan et al. 2014), where
Mj = χjM∗ is the mass in the jth mode. Assuming the resonance
is not exact and that δω1/(r2τd) is some multiple (r = 1, 2, 3, . . .)
of the HWHM of the resonance (see discussion in §2.2 above) we
find
Etot ≈
(
6π2
5
)2
E∗ω
2
∗q
2
j ǫ
4k−2r−1χ3j t
2 (18)
where qj = ωjτj,kT /π is the quality factor for the mode, and the
mode is driven for time t = tF(τd) in the unsaturated (saturated)
case yielding Etot ∝ τ 4d (saturated) and Etot ∝ τ 4d (tF /τd)2 (un-
saturated). The energy transfer can be sensitive to eb (Rathore et al.
2005), but here we shall ignore this complication.
4.1 Saturated modes
During tidal locking, Ω˙orb ≈ ω˙spin, so that the tidal forcing fre-
quency remains approximately constant even as the orbit shrinks
(Witte & Savonjie 1999). Thus, if the locked tidal forcing fre-
quency ωF matches the frequency of a low-order WD mode (or its
harmonic), then the mode can be resonantly driven for as long as
tidal-locking lasts. If tidal-locking lasts longer than the mode decay
time (τd), then the mode is saturated. Substituting the equal-mass
Mc = M∗ = 0.6M⊙ Carbon-Oxygen WD binary model (CO6)
of Burkart et al. (2013) into eqn. (18), we find the total energy de-
posited into a saturated low-order g-mode is
Etot ≈ 10−5E∗
(
ωj/ω∗
0.1
)−2/3 ( χ
10−3
)
×
( r
1
)−1(Mc/M∗
1
)4/3(
ab/R∗
10
)−4
(19)
where we have used t = τj,kT from eqn. (13) and χj ≈
27(ωj/ω∗)
3.7 ≈ 10−3 for ℓ = 2 g-modes with n < 10 from
Burkart et al. (2013). For a saturated low-order p-mode, forced at
the kth harmonic, applying t = τj,kT from eqn. (14) we find
Etot ≈ 0.1E∗
( ω∗
0.3s−1
)4/5(ωj/ω∗
4
)2/5 (
k
1
)−2
×
(
Mc/M∗
1
)4/5 (
ab/R∗
10
)−12/5 ( χj
10−3
)3/5
×
(
τp
106s
)4/5 (
fGW
0.5
)−4/5 (
Np
102
)−4/5 ( r
1
)−1
(20)
While the energy Etot in eqns. (19) and (20) is in principle avail-
able for deposition in the mode, multiple channels for truncating
resonance exist (see §6 below) and one or more of these chan-
nels is likely to operate before energy in the mode reaches the
values above. Nevertheless, Fig. 1 shows Etot as upper-limits to
the total energy deposited in saturated low-order g- and (harmon-
ics of) p-modes as a function of ab(R∗). In both cases we as-
sume r = 1 (resonance-lock at a detuning frequency of 1/2τd)
and k = 1 to illustrate the maximum possible energy available.
For energies deposited into realistic p-modes forced at the kth har-
monic, divide the value of Etot(E∗) given by the solid-lines by a
factor k2. Red, horizontal dashed lines show the mode energy re-
quired for an average temperature of 6 × 108K for Carbon nuclei
in the mode for χj = 10−3 (lower), χj = 10−5 (upper). The
red, horizontal dot-dashed line shows the mode energy required for
an average termperature of 108K for Carbon nuclei in a mode for
χj = 10
−3
, at which temperature atmospheric Helium ignition
may occur (see §7 below). The black dashed line in Fig. 1 denotes
the theoretical upper limit to mode energy in an equal mass bi-
nary, namely Eorb = −GM2∗/2ab ≈ −E∗(R∗/2ab). The top
axis of Fig. 1 indicates times to merge via GW emission alone (in
Myrs) at binary separations of ab = 10, 20, 50, 100R∗ . Mode ex-
citation to detonation is only possible for small ab. From Fig. 1,
saturated, low-order g-modes with χj ≈ 10−3 (at ab < 5R∗) and
p-modes with χj > 10−5 ( driven at harmonic k) could in princi-
ple absorb enough orbital energy so that Carbon-fusion could oc-
cur. Modes with small overlap integrals (χj < 10−3 for g-modes
and χj < 10−5 for p-modes) cannot be driven to runaway Carbon-
fusion temperatures.
MNRAS 000, 1–?? (2008)
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Figure 1. Average energy deposited in a saturated low-order mode as a
fraction of orbital energy (E∗) versus binary semi-major axis ab(R∗), for
a low order p-mode (4ω∗ , thick lines) and a g-mode (0.1ω∗, thin line),
with overlap integrals of χj = 10−3, 10−5 denoted by χ−3,−5 respec-
tively. The p-mode energy (thick lines) corresponds to the k = 1 upper
limit. To find the actual limiting energy deposited, divide by k2, for the
kth harmonic of the p-mode being forced. Red horizontal dashed lines cor-
respond to the Carbon-fusion instability temperature for χ−3 (lower) and
χ−5 (upper). Red horizontal dash-dot line corresponds to a temperature of
108K for χ−3 at which He-burning may occur in a thin atmosphere or thin
envelope if mode energy is thermalized there (see text). Black dashed line
shows the orbital energy |Eorb| = E∗(R∗/2ab), the theoretical maxi-
mum energy available in the binary system. The tidal disruption radius is
ab ≈ 2R∗ using M∗/Mc ≈ 1 (Eggleton 1983). On the top horizontal axis
are the merger timescales (in Myrs) calculated for GW emission alone for
an equal mass 0.6M⊙ WD binary corresponding to binary separations of
ab = 10, 20, 50, 100R∗ . So e.g. if detonation occurs at ab = 50R∗, it
would be 125Myr before the merger predicted by GW emission alone.
4.2 Unsaturated modes
Away from resonance lock, at small ab, modes will tend to be
unsaturated. Unsaturated resonant modes are important since their
thermalization energy heats the WD allowing g-modes to exist and
their backreaction on the orbit could perturb the orbit from eb = 0
(see below). Assuming tF ≈ks (a few orbits at ab ≈ 10R∗), Etot
for a low-order g-mode is reduced from the value in eqn. (19) by a
factor 10−6(tF /103s)2/3(τd/1012s)−2/3 in the unsaturated case.
Similarly Etot for a low-order p-mode is reduced from the value in
eqn. (20) by a factor 0.06(tF /103s)2/5(τd/106s)−2/5 in the un-
saturated case. The temperature of nuclei in unsaturated modes will
be lower than in saturated modes by a factor (tF /τd) (see below).
Unsaturated g-modes will never reach the Carbon-fusion threshold,
but might reach the Helium-fusion threshold for modest forcings, or
small departures from saturation. Unsaturated p-modes could reach
both the C-fusion and He-fusion thresholds if the forcing time is
relatively long (tF/τd > 0.1). The f-modes (n = 0) will generally
be unsaturated since resonance lock (ω˙F ≈ 0) can only occur if
spin remains constant while a˙b < 0.
5 IGNITING CARBON FUSION
A WD mode consists of two parts: the nuclei and the electrons.
The state of the nuclei depends on the Coulomb coupling parameter
Γ = (Ze)2/aNkBT or
Γ ≈ 25
(
Z
6
)2 (
A
12
)−1/3(
T
107K
)−1 (
ρ
4× 105gcm−3
)1/3
(21)
where aN is the inter-nucleus spacing, kB is the Boltzmann con-
stant, T is the temperature of the nuclei, Z is the atomic number,
A is the atomic weight, e the electron charge and ρ is the (uniform)
WD density (Kippenhahn & Weigert 1990). If Γ > 180, the nuclei
form a solid crystal lattice and if Γ . 1, the nuclei behave as an
ideal gas with heat capacity Cv = 3/2nNkBTN , so mode heat-
ing/cooling changes the (local) nuclear temperature and can lead to
structural changes in the WD.
Total mode energy is Etot,j = Etot,N + Etot,e = NNEN +
NeEe where NN , Ne are the number of nuclei and electrons in
the mode respectively and EN (Ee) are the respective average nu-
cleus(electron) energy. Assuming equipartition of the thermalized
mode energy among the charged particles, andNe = 6NN for pure
Carbon, the total energy in the mode nuclei Etot,N = Etot,j/7 =
3/2kBTN where TN is the average temperature of mode nuclei.
EnergyEtot,e = (6/7)Etot,j = p2e/2me(pec) is added to the non-
relativistic (relativistic) degenerate electrons in the mode where av-
erage electron momentum is pe ≈ ~n−1/3e and me is the elec-
tron mass. Increasing Etot,e alters the electron pressure, potentially
truncating resonance (see §6 below).
Energy deposited into the mode during resonance lock over
integrated forcing time tF is thermalized among the Carbon nuclei
on damping timescale τd, which is so short we can neglect losses
to conduction, convection and radiation (Osaki & Hansen 1973).
Heating of the nuclei in a mode yields∫ tF
0
Etot,j
7τd
dt ≈ 3
2
NNkBTN (22)
so
TN ≈ 2
21
Etot,j
(
tF
τd
)
1
kBNN
(23)
where NN = χjM∗/mC12 is the number of nuclei in the mode,
and mC12 is the mass of the Carbon 12 atom, assuming all
the nuclei are Carbon 12. In the saturated case tf ≈ τd so
TN ≈ (2/21)(Etot/kBχj)(mC12/M∗). Thus, for a saturated
mode TN ≈ 6 × 108K(Etot/5 × 10−4E∗)(χj/10−3)−1 shown
by the red dashed horizontal lines in Fig. 1 for χj = 10−3, 10−5.
From Fig. 1, in principle C-fusion could occur among the nuclei
in a g-mode with χj ≈ 10−3 at ab 6 5R∗ and in a p-mode with
χj ≈ 10−5(−3) at ab < 3(60)R∗ at small harmonics (k < 5).
6 TRUNCATING RESONANCES
A WD is driven away from resonance either via structural change
which alters mode frequency, or orbital back-reaction. An increase
in WD electron energy decreases the WD radius by ∆R∗/R∗ =
6Ej/7E∗ changing the frequency spectrum of WD modes by
∆ω∗/ω∗ ≈ (9/7)(Ej/E∗). Resonance can only continue if the
mode width ∆ωj < ∆ω∗. In the absence of changes to ∆ωj ,
we would expect (narrow) g-mode resonance to truncate after
Ej/E∗ > 10
−12
, and (wider) p-mode resonances to truncate after
Ej/E∗ > 10
−6
. However, from §3, modes widen with increasing
energy deposition in the mode. Comparing ∆ω∗ to π/τj,kT from
eqn. (13), we find that structural changes in the WD will end res-
onance with g-modes for Ej/E∗ > 4 × 10−4 for ωj ≈ 0.1ω∗
and Ej/E∗ > 10−2 for ωj ≈ 0.5ω∗. Thus, in principle low-order
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g-modes with ωj > 0.1ω∗ could maintain resonance up to ignition
even as the WD radius decreases, by increasing ∆ωj as a function
of mode energy. As long as a constant τj,kT at low Ej/E∗ per-
mits p-modes to be excited then resonance can persist. Comparing
∆ω∗ to π/τj,kT from eqn. (14), we find that low-order p-modes
maintain resonance in the face of WD structural changes only if
Np/τp > ω∗. Thus, only if Np/τp itself increases with Ej/E∗
(which we anticipate) can resonance be maintained for low-order
p-modes in the face of WD structural changes.
Back-reaction is the transfer of energy from a resonant mode
to the orbit when Ω˙orb > δωj , the resonance width (Rathore et al.
2005). Back-reaction can be ignored at modest separations and
large energy transfer since Ω˙orb ∝ a−11/2b and τ−1d ∝ Ej/E∗
for p-modes, but where back-reaction occurs it can reduce the
energy transfer to the mode by up to an order of magnitude
(Rathore et al. 2005). In the absence of resonant locking, back-
reaction can quickly (several orbital timescales) terminate unsatu-
rated narrow resonances by increasing ab (if eb ≈ 0). Orbital back-
reaction on unsaturated resonances is important since it can keep
eb > 0 and maintain the tidal torque T ℓmn on m = 2 quadrupolar
modes. If large mode energy gets transferred rapidly to the orbit,
driving eb ≫ 0, tidal squeezing of the WD core by the CP at high
orbital eccentricity will increase core density, potentially initiating
C-fusion (Rosswog et al. 2009). After GW emission of the back-
reaction orbital energy, the WD can return to resonance.
Absorption of sufficient resonant energy by a mode can also
have the effect of accelerating the shrinkage of a WD binary
orbit compared to a binary shrinking by GW emission alone
(Fuller & Lai 2011). In this case, the forcing frequency crosses the
resonance width faster than expected and depending on the mag-
nitude of ω˙F , modes which would otherwise be saturated (forcing
time is tF = τd) can become unsaturated (forcing time is now
tF = 1/
√
ω˙F ). Thus, once τd > 1/
√
ω˙F then the resonance will
be truncated and the mode will become unsaturated, with a result-
ing decrease in energy deposited in the mode (see §4.2 above). Fur-
ther work is required to determine the expected total energy deposit
in a real WDB.
Resonant amplification of an eigenmode is also likely to even-
tually lead to complicated non-linear hydrodynamical phenom-
ena in the WD, including wave-breaking (e.g. Fuller & Lai 2012;
Burkart et al. 2013). Such effects may in fact truncate the resonance
itself, reducing the time spent at resonance and therefore the energy
deposited in the mode, and the likely observational signature.
7 WHERE IS THE MODE ENERGY DEPOSITED?
Orbital energy absorbed by a resonant mode will tend to transfer to
daughter modes at locations in the WD where the nodes of multiple
modes encounter each other (Kumar & Goodman 1996). This will
generally happen at boundaries within the WD at turning points of
modes. In the case of a uniform homogeneous sphere, with a thin
atmosphere or envelope, the turning points of modes will lie only
at the boundary of the WD with its atmosphere and therefore all of
the mode energy will be transferred to daughter modes and ther-
malized at the base of the atmosphere. If energy deposition into
the mode from tides and energy leakage into an atmosphere or en-
velope equalize, a dynamical equilibrium would result in a steady
burn rather than detonation– possibly resulting in a nova rather than
a supernova; we shall leave this calculation for future work. Here
we are interested in the possibility of a more violent outcome. As
the energy in the mode increases at a rate greater than energy loss,
if the WD has a Helium atmosphere, mode energy will be thermal-
ized at the base of the atmosphere and ultimately start Helium burn-
ing at temperatures (∼ 108K) well below C-fusion temperatures.
Certain SNe, including Ca-rich SNe may be accounted for by the
ignition of a thin He atmosphere around a low-mass Carbon core
(Waldman et al. 2011). If the Helium in a spherical atmospheric
shell can ignite instantaneously, this induces a radially inward prop-
agating p-wave that converges on the core and Carbon-ignition can
result (Livne 1990), yielding a Type Ia SN before merger occurs. If
Helium detonation is less symmetric, the Helium explosion and re-
sulting core-compression may yield instead a sub-luminous Type Ia
SN (Bildsten et al. 2007), or a tidal nova (Fuller & Lai 2012). How-
ever, if the Helium can be ignited across a sufficiently large region,
compressional waves induced by a sliding Helium detonation can
trigger a detonation in the Carbon core (Moll & Woosley 2013).
Indeed, even if the Helium detonation occurs in small patches in
a thin He atmosphere, polluted with some C/O, a Type Ia SN can
still result (Shen & Moore 2014). A very thin He atmosphere can
suffice for detonation: mass≈ 10−2M⊙ in a 0.6M⊙ WD and mass
5× 10−3M⊙ in a 1.0M⊙ WD (Shen & Moore 2014). Since most
C/O WDs are surrounded by a thin He atmosphere (Iben & Tutukov
1985), the ignition of the base of the He atmosphere due to reso-
nant mode thermalization is a very promising avenue for Type Ia
SNe generation.
Heat dissipation and ignition can also occur at other WD loca-
tions. Essentially, once a boundary exists within the WD core, for
example, if there is a small solid or liquid central WD core, mode
turning points can dissipate heat at the boundary between the two
phases of the central core. In this case, the mode energy will be
deposited equally as heating at the base of the atmosphere and the
boundary between the phases of the central WD core. Spherical or
patchy ignition around the surface of a central solid or liquid core
could act analagously to shell ignition in a He atmosphere (Livne
1990; Shen & Moore 2014) and cause a inward travelling p-wave
that ignites the core. Wave-breaking due to non-linear effects may
truncate all of the above effects (Fuller & Lai 2012) and may in fact
result in the driving of a wind or greater radiation from the surface,
although we ignore these possible limitations for the present work.
8 OBSERVATIONAL IMPLICATIONS
If modes thermalize at the base of a thin He atmosphere, either in a
single sheet or in a large number of patches (due to a large number
of nodes), the result should be a spherical ignition of the Helium at-
mosphere and a spherically symmetric Type Ia SN (Shen & Moore
2014). If instead the number of nodes is small, the resulting He
ignition will begin substantially asymmetrically and may result in
edge-lit detonation of the C/O core, yielding an asymmetric Type Ia
SN. Equally, if there is a slow, steady burn of an atmosphere or en-
velope, the result may well be a nova or radiative wind, and even if
C-fusion commences the burn may not be explosive. We will need
to understand which modes are most likely to resonate with tidal
locking before we can make predictions about the asymmetry of
the explosion.
WD detonation at binary separations ab < 102R∗ before
merger imply Type Ia SNe can occur (≈ Myr-Gyr) before mergers
driven by GW-emission alone. Therefore binary population syn-
thesis modelling should include this merger acceleration, in order
to correctly model the observed Type Ia SN delay-time distribution
(Graur et al. 2014). Dissipation of unsaturated resonances within
the WD (as well as tidal heating) will lead to WD rejuventation,
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so close binary WDs will be hotter than their age would suggest.
Even if a WD starts off ’cold’, it will quickly ’heat up’ from ther-
malization of unsaturated mode resonances, decreasing Γ, allowing
g-modes to exist.
The energy for WD rejuvenation and potential detonation
comes from Eorb. Our model predicts the binary inspiral time
will be changed by a factor E˙orb/EkT, where EkT is the total
energy deposited in modes. Strong resonances will absorb orbital
energy that would otherwise have emerged as GWs. Thus, shrink-
ing WD binaries will skip orbits as they pass through resonances
(Fuller & Lai 2011). Timpano et al. (2006) show that in one year
eLISA will resolve approximately 104 binaries at S/N> 5 − 10
of which around 300 (mostly WD-WD) will be chirping. Extract-
ing orbital energy and adding it to WD modes will tend to close
ab faster than via GW emission alone. Therefore eLISA will de-
tect an increase in dh/dt over the 0th order chirping profile dur-
ing resonances (see also Fuller & Lai 2011). During a resonance,
h˙ will increase over the value predicted by GW-emission alone by
a factor τd/∆tGW ≈ (1/4)(τd/tGW)(ab/δab), where δab ≪ ab
represents a small change in the binary semi-major axis. Depend-
ing on the spin-orbit interaction during resonance, orbital back-
reaction from mode excitation that happens to result in an increase
in (ab, eb) for the WD binary (analagous to the dynamics of the
Earth-Moon system), will yield a temporary decrease in h and
decrease in GW frequency, also detectable with eLISA. Of course,
if WDs in binaries manage to detonate via resonant excitation be-
fore merger, then eLISA will not detect any chirping WDBs.
Note that if energy transfer to modes is efficient during reso-
nance, regardless of whether a WD detonates, the merger timescale
for WD binaries must decrease by a factor ≈ (Nτd/δtGW) as it
passes through N resonances of mean-width τd, where δtGW would
be the timescale for shrinking ab by an amount δab due to GW-
emission alone. Therefore, regardless of the fate of the WD itself,
the WD binary merger timescale must decrease from the value ex-
pected from GW-emission alone and this will increase the normal-
ization of the delay-time-distribution predicted by binary popula-
tion synthesis models.
9 CONCLUSIONS
We investigate the conditions under which WDs with sub-
Chandrasekhar masses in binaries with compact objects (including
other WDs) could resonantly detonate in Type Ia supernovae be-
fore merger. Requirements for detonation include: 1. resonant lock
on a sufficiently massive low-order quadrupolar mode or harmonic,
2. a modest fraction of orbital energy (up to ≈ 10−3Eorb) is de-
posited into the mode over the forcing time without significant or-
bital backreaction or structural change and 3. the mode energy is
quickly thermalized among the Carbon nuclei in that mode. A very
promising avenue for future work is whether WD binaries are natu-
rally driven to tidal lock with low-order mode frequencies (or their
harmonics), since this may be a channel for Type Ia SNe.
We find that ignition could in principle occur, Myr-Gyr before
merger, during resonant tidal lock with a low-order ℓ = 2 g-mode
with mass ≈ 10−3M∗ or with a harmonic of a low-order p-mode
with mass > 10−5M∗ and in the limit of a large number of daugh-
ter modes. Depending on where the mode energy is thermalized
and the efficiency of thermalization, ignition may first occur in a
He atmosphere. In this case, a spherically symmetric ignition of
the He atmosphere, or asymmetric ignition in a massive He atmo-
sphere can lead to compressive p-wave shocking of the Carbon core
and detonation. If there is a boundary in the CO interior of the WD,
thermalization can also happen there.
Resonances can be truncated by orbital backreaction or an ex-
cessive increase in electron degeneracy pressure. Sufficient orbital
back-reaction from the excited mode may increase orbital eccen-
tricity such that that thermalization of pericenter forcing generates
Carbon-fusion. Sufficiently rapid extraction of orbital energy can
allow the WD binary to pass through resonance fast enough that
the resonant mode becomes unsaturated and the energy deposited
in the mode drops significantly.
All WDs in a close binary will be rejuvenated by thermaliz-
ing multiple resonances. GW detectors should detect a deviation
from the predicted chirping strain amplitude (h) profile from WD
binaries at frequencies matching low-order, high mass quadrupo-
lar modes. Regardless of the fate of the WD, an efficient trans-
fer of orbital energy to resonating modes will reduce WD binary
merger timescales, which should be accounted for in binary popu-
lation synthesis models in order to predict the observed delay-time-
distribution of Type Ia SNe. Future work should focus on whether
tidal locking in WD binaries is naturally driven towards low-order
mode frequencies.
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